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Abstract
In this brief note we investigate the stability of the Quantum Hall
Soliton proposed recently in hep/th 0010105. We explore two possible
perturbations which are not spherically symmetric and we find that
both display tachyonic behavior. The time scale associated with the
instability is the same as the scale at which Quantum Hall phenomena
occur. Nevertheless, if one makes an extra assumption that in the real
quantum treatment of the problem string ends and D0 branes move
together (as electrons and vortices in the real Quantum Hall effect),
the instability disappears.
1 Introduction
Recently Bernevig, Brodie, Susskind and Toumbas [1] proposed a very in-
teresting string theoretical description of a two dimensional electron system.
The brane setup consists of a D2 brane wrapped on a 2-sphere in the near
horizon limit of a large number K of D6 brane. By the Hanany-Witten eect
[2], K strings are extended from the D6 branes to the D2 branes. To make
the conguration stable, N D0 branes, which are repelled by D6 branes, are
dissolved into the D2 brane. This brane setup, called the Quantum Hall
Soliton, describes a 2 dimensional system of charged particles (string ends)
in a large magnetic flux coming from the D0 branes. The system exhibits
several interesting phenomena, similar to those found in real quantum Hall
systems.
In [1] the stability of the Quantum Hall Soliton was examined with respect
to D0 brane emission, D2 brane nucleation as well as spherically symmetric
perturbations. The purpose of the paper is to examine the stability of the
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QH soliton under perturbations without spherical symmetry. In particular
we will consider a deformation in which the D2 sphere is slightly distorted
to form an ellipsoid, as well as a conguration in which the center of the D2
sphere is moved slightly from the position of the D6 branes.
Intuitively both systems should be unstable, because the string ends will
tend to concentrate in the regions close to the D6 branes (since they will have
less energy there), and the D0 branes will tend to concentrate in the regions
far away from the D6 brane (because of D0-D6 repulsion). Thus, regions
which are close to the D6 branes will be pulled even closer by the strings,
and regions which are far away will be pushed even further. However, this
naive argument ignores the repulsion of the strings ends and of D0 branes, as
well as the eect of the D2 brane tension, which could in principle compensate
the D0/D6 repulsion and F1/D6 attraction. Therefore one needs to make
a careful analysis of the physical eects involved when there is a small non
spherical perturbation in the system.
2 The Physics
In this section we will explain the physical phenomena which take place
when a QH soliton is deformed. We will keep our discussion general, and
give more details in the following sections. The spatial volume of D2 brane
is parametrized by coordinates θ and ϕ. We only consider axially symmetric
perturbations.
The distribution of D0 branes is given by the magnetic eld strength
Fθϕ. The DBI Lagrangian is a functional of Fθϕ, and also depends on the
embedding of the D2 brane in spacetime.
When the shape of the D2 brane changes, the embedding changes as well,
and thus the form of the functional changes. One needs to nd the Fθϕ which
minimizes the new functional, with the constraint that the integral of Fθϕ
(which gives the total number of D0 branes) is xed.
One also needs to nd the distribution of the string ends on the D2
brane. In the spherically symmetric case, there is a constant positive charge
density on the D2 brane, coming from the pullback of the spacetime 2-form
magnetically sourced by the D6 branes. The total induced positive charge
is thus K, and it is neutralized by the K strings. Because of the spherical
symmetry, the negative charge density of the string ends cancels the induced
charge density everywhere, and thus there is no electric eld on the brane.
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In the case without spherical symmetry, the induced positive charge be-
comes a function of θ. Moreover, since the length of the strings now depends
on θ, there is an eective force which pulls the string ends towards where
the strings are shorter. In the equilibrium state, there is be an electric force
which equilibrates the force coming from the string tension. One can nd
this force easily. If TNG(θ) is the Nambu-Goto energy of a string with the





Naively, one can also use Gauss’s law to get the total charge density
ρgauss = d  E, (2)
where E is understood as a one form. This charge density is the sum of the
induced charge density and the charge density of the string ends. We will see
later that taking into account the large D0 charge of the D2 brane modies
quantitatively, but not qualitatively this density. The density of string ends
is given by
ρgauss = ρstrings + ρinduced. (3)
The integral of the string tension with the string density gives the contribu-
tion of the strings to the energy. One needs however not to forget to take
into account the new electric eld in the Born Infeld action.
3 Embedding
We rescale our coordinates like in [1] in order to make the computations more
transparent:
yµ ! (Kgs/2)1/3yµ, xi ! (Kgs/2)−1/3xi, (4)
where yµ and xi denote coordinates parallel and transverse to the D6 brane





























idxj ^ dxk, (5)
where the  symbol is numerical, and ρ2  (x1)2 + (x2)2 + (x3)2.
3.1 Ellipsoidal deformation
Let us consider the deformation of the spherical D2 brane into an ellipsoid.
The new embedding into spacetime is
x1 = r sin θ cos ϕ, x2 = r sin θ sin ϕ, x3 = r
p
1 +  cos θ, (6)

















1 +  sin θ
2(1 +  cos2 θ)3/2
(7)
where the distance from the D6 branes is ρ = r
p
1 +  cos2 θ.
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f(θ)dθ = 2 (8)
As explained before, in the spherically symmetric case, f0(θ) = sin θ, but
now it is a general function which needs to be determined by minimizing the
DBI action of the D2 branes.
3.2 The ingredients of the action















where gµν is the target space metric (5), α and β are worldsheet coordinates,
and Aµ is the vector potential on the D2 brane. The relevant part of the D2
brane action is












(2) ^ A(1) (10)
where H2 and Gab are given in (7). The components of Fab are both magnetic
(8) and electric (1).
We can assume there is a large number of string ends on the D2 brane,
which can be approximated by the continuous distribution ρstringsθϕ which
integrates to K. The potential energy coming from the strings has a part
coming from the Nambu-Goto string action and another part coming from






















where ρstring(θ) is now a scalar density which integrates to 2. We also rescaled
A0 and integrated over ϕ.
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Another piece of the potential comes from the Wess-Zumino term of the
D2 brane. Using the form of Hθϕ from (7) and rescaling A0 as in the formula
above, the WZ term is





where H(θ) = sin(θ)
p
1 + (1 +  cos2 θ)−3/2 is a scalar density coming from
Hθϕ in (7).
We can also obtain the DBI contribution to the potential by substituting








B(θ) + C(θ)f(θ)2 + sin2 θ(∂θA(θ))2, (13)




A(θ) is dened above. To O(0) we obtain the spherically symmetric case:
B0(θ) = sin
2 θ, C0 = pi
2N2l3s/r
3  c, f0(θ)2 = sin θ, and A(θ) is constant.
Thus the DBI term in the action has a contribution from A only to O(2).
One can now minimize the total potential to nd the form of A(θ), f(θ) and





ρstrings(θ)−H(θ) = ∂θ sin
2 θ∂θA(θ)√
B(θ) + C(θ)f(θ)2 + sin2 θ(∂θA)2
(15)
f(θ)2 =
B + sin2 θ(∂θA)
2
C2/λ2 − C , (16)
where λ is the Lagrange multiplier which enforces the constraint on f(θ).
Imposing the constraint determines λ. In Chapter 2, we argued that one can
nd the electric eld on the brane by dierentiating the θ dependent tension
of a stretched string. This is equivalent to equation (14). We also argued
that the total charge density, which is the sum of the string density and
the induced density (proportional to −H(θ)) can be obtained by applying
Gauss’s law. Here we see that the argument was a bit naive since it did not
take into account the fact that a signicant part of the energy came from
magnetic flux. Equation (15) remedies that.
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The rst observation one can make is that (14) implies that Vstrings = 0.
Thus, one does not need to compute ρstrings any more. Moreover, we can
argue that in order to nd the O(2) correction to the energy one only needs
to compute the rst order change in f . This can be seen by expanding
f(θ) = sin θ + f1(θ) + 
2f2(θ). (17)
The 2 contribution to the energy coming from f2 is proportional to
∫
f2(θ)dθ,
which is 0 by the constraint (8). Thus one only needs f1(θ), which after a











where c = pi
2N2l2s
r3
. It is interesting to notice that f1(θ)  sin θP2(cos θ), and
thus it represents a quadrupole distribution of charge.
We now have all the ingredients to nd the total potential to second order

















where r = (piN)2/3ls/2 is the radius of the spherical system. For  > 0/
 < 0 the system lowers its energy by shrinking / expanding and squash-
ing/pancaking. The only contribution to the energy appears to order 2
and is negative. The system suggested in [1] as a Quantum Hall soliton is
classically unstable.
3.3 Spherical shift
Let us consider a deformation in which the center of the QH soliton is dis-
placed a distance x = r from the position of the D6 branes. The spacetime
embedding is







Figure 2: The shifting of the D2 sphere relative to D6 core induces another
instability in the Quantum Hall Soliton.














Kls sin θ(1 +  cos θ)
2(1 + 2 cos θ + 2)3/2
, (21)
where ρ = r
p
1 + 2 cos θ + 2 is the distance from the D6 branes. Substitut-







B(θ) + C(θ)f(θ)2 + sin2 θ(∂θA)2, (22)
where now B(θ) = sin
2 θ
1+2 cos θ+2




potential is given by (12), where now H(θ) = sin θ(1 +  cos θ)(1 + 2 cos θ +
2)−3/2.
By taking functional derivatives one obtains again equations (14,15,16).
Again Vstrings gives a zero contribution to the potential. Also, only the rst
order correction to f(θ) contributes to the second order correction to the




sin θ cos θ. (23)
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This correction represents a dipole perturbation. The total potential can be
easily found. For a xed , the energy is minimized by:








Again there is no O() contribution, and the 2 contribution is negative. Thus
this perturbation is also tachyonic.
4 A possible stabilization mechanism
In the stability analysis done above, we have assumed the system to be clas-
sical. More precisely, we have ignored the motion of string ends in magnetic
eld. One can argue that in a more \quantum" approach to the problem, the
string ends and the D0 branes do not move independently. The fractional
charge quasiparticles appearing at lling fractions ν  K/N when 1/ν is
odd, can be thought of as being composites made of an electron and 1/ν
magnetic vortices. Thus, in an eective description of the system at these
lling fractions the strings and the D0 branes will move together.
As one might imagine, the intuitive picture of the instability is no longer
valid. It is now impossible for strings to move towards one part of the brane
and for D0 branes to move towards another part. One needs to do a compu-
tation to nd if the conguration is still unstable when one imposes this extra
constraint. We only examine what happens to the spherical shift instability
in this case.
If we assume that the density of string ends and Fθϕ are both proportional

















where the functions ρ, B(θ), C(θ), and H(θ) are given in Section 3.3. The
function f(θ) satises the constraint
∫
f(θ) = 2. By taking functional deriva-
tives of (25) we obtain two equations relating f(θ) and A(θ).
f(θ)−H(θ) = ∂θ sin
2 θ∂θA(θ)√









B(θ) + sin2 θ (∂θA(θ))
2 + C(θ)f(θ)2
, (27)
where λ enforces the constraint and A(θ) is dened up to a constant. As
before, to nd the 2 contribution to the energy, one only needs to nd the
rst order in  correction to f(θ) and A(θ), which we call  sin θg(θ) and
A1(θ). Expanding (26,27) and substituting the value of c at r, we obtain
two simpler equations:




27A1(θ) = 5 cos θ − 8g(θ) (28)




cos θ, f(θ) = sin θ(1− 172
65
cos θ), (29)
where we discarded the homogeneous solutions coming from (28) for being








We chose to present the energy computation for xed r. The computation
of the minimum with r allowed to vary around r is more messy. It gives the
same energy, and a new equilibrium radius
r = r(1 + .782). (31)
We observe that the correction to f(θ) has a dipole form. Nevertheless, it
has a sign opposite to that of the correction obtained for f(θ) in Section 3.3
.
We have found that under the assumption that string ends and D0 branes
move together the system is stable under a dipole perturbation. Based on
the intuition that dipole corrections to the energy are larger than those of
higher moments, this seems to indicate that the system is always stable when
the string ends and D0 branes move together.
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5 Conclusions
We have found the system to be classically unstable. The time scale associ-
ated with the instability can be found by comparing the kinetic energy of the
system to the potential energy. After a few steps we nd that in the proper
time frame of the D2 brane
Tinstability  lsN1/2, (32)
This time scale is of the same order as the time scale associated with QH
physics.
We have also found that under the assumption that string ends and the
D0 branes move together, the system is stable.
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